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a b s t r a c t
The concept of Γ -hypernear-rings, which is a generalization of Γ -near-rings and
hypernear-rings, is introduced. Some related properties of Γ -hypernear-rings are de-
scribed. In particular, three Isomorphism Theorems of Γ -hypernear-rings are established.
By using this new idea, we consider the fuzzy hyperideals of Γ -hypernear-rings. Finally,
the fundamental relations between Γ -hypernear-rings and Γ -near-rings are discussed.
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1. Introduction
The theory of algebraic hyperstructures (or hypersystems) is a well established branch of classical algebraic theory. In
the literature, the theory of hyperstructure was first initiated by Marty in 1934 [1] when he defined the hypergroups and
began to investigate their properties with applications to groups, rational functions and algebraic functions. Later on, many
people have observed that the theory of hyperstructures also has many applications in both pure and applied sciences,
for example, semi-hypergroups are the simplest algebraic hyperstructures which possess the properties of closure and
associativity. Some review of the theory of hyperstructures can be found in [2–4], respectively. In a recent monograph of
Corsini and Leoreanu [5], the authors have collected numerous applications of algebraic hyperstructures, especially those
from the last fifteen years to the following subjects: geometry, hypergraphs, binary relations, lattices, fuzzy sets and rough
sets, automata, cryptography, codes, median algebras, relation algebras, artificial intelligence and probabilities. As is well
known, the concept of hypernear-rings was first introduced by Dasic in [6]. Also, a similar notion of an Hv-near-ring was
introduced by Davvaz in [7]. It is noted that the study of hypernear-rings is challenging, effecting curiously beautiful results
to one who is willing to look for structure where symmetry is not so abundant. Hence, in this paper, we introduce the
concept of Γ -hypernear-rings, which is a generalization of hypernear-rings. By using this new idea, we consider the fuzzy
hyperideals of Γ -hypernear-rings.
After the introduction of the concept of fuzzy sets by Zadeh in 1965 [8], there were many papers devoted to fuzzify the
classicalmathematics into fuzzymathematics. Algebraic structures play a prominent role inmathematicswithwide ranging
applications in many disciplines such as theoretical physics, computer sciences, control engineering, information sciences,
coding theory, topological spaces and so on. This provides sufficient motivations for researchers to review various concepts
and results from the realm of abstract algebra to a broader framework of fuzzy setting. A near-ring satisfies all axioms of
an associative ring, expect commutativity of addition and one of the two distributive laws. A comprehensive review of the
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theory of near-rings in [9–11]. In [12], Abou-Zaid introduced the concepts of fuzzy subnear-rings and fuzzy ideals of near-
rings. The concept was discussed further by many researchers, see [13–16]. In [17], Satyanarayana introduced the concept
ofΓ -near-rings and obtained some related properties. Further, in [18], Jun introduced the concept of fuzzy ideals ofΓ -near-
rings and obtain some useful results. After that, this concept was discussed further by some researchers, see [19–22].
The fuzzy sets and hyperstructures introduced by Zadeh and Marty, respectively, are now extensively applied to many
disciplines. The relationships between the fuzzy sets and algebraic hyperstructures have been considered by Corsini, Davvaz,
Leoreanu, Zhan, Zahedi and others. The reader is refereed to [23,7,24,3,25–34].
In [23], Davvaz introduced the concept of fuzzy hyperideals of hypernear-rings and obtained some related properties.
Based on [23,18], we will discuss the properties of Γ -hypernear-rings. In Sections 2 and 3, we recall some basic concepts
of Γ -near-rings and hypernear-rings, respectively. In Section 4, we introduce the concept of Γ -hypernear-rings and some
related properties of Γ -hypernear-rings are described. In particular, three Isomorphism Theorems of Γ -hypernear-rings
are established. By using this new idea, we consider the fuzzy hyperideals of Γ -hypernear-rings in Section 5. Finally, in
Section 6, we discuss the fundamental relations between Γ -hypernear-rings and Γ -near-rings.
2. Near-rings and Γ -near-rings
We first recall some basic concepts for the sake of completeness.
Recall from [10] that a near-ring is an algebraic structure (R,+, ·)which satisfies the following axioms:
(1) (R,+) is a group (not necessarily abelian),
(2) with respect to the multiplication, (R, ·) is a semigroup,
(3) the multiplication is distributive with respect to the+ on the left side, i.e., x · (y+ z) = x · y+ x · z for all x, y, z ∈ R.
Precisely speaking, it is a left near-ring because it satisfies the left distributive law. We will use the word ‘‘near-ring’’ to
mean ‘‘left near-ring’’. We denote xy instead of x · y.
Definition 2.1 ([17]). A Γ -near-ring is a triple (M,+,Γ ), where
(i) Γ is a non-empty set of binary operations such that (M,+, α) is a near-ring for each α ∈ Γ ,
(ii) xα(yβz) = (xαy)βz for all x, y, z ∈ M and α, β ∈ Γ .
A subset A of a Γ -near-ringM is called a left (resp., right) ideal ofM if
(i) (A,+) is a normal subgroup of (M,+),
(ii) uαx ∈ A (resp., (u+ x)αv − uαv ∈ A) for all x ∈ A, α ∈ Γ and u, v ∈ M .
A subset A ofM is called an ideal ofM if it is both a left ideal and right ideal.
Now, we give fuzzy ideals of Γ -near-rings as follows:
Definition 2.2 ([18]). A fuzzy set µ of a Γ -near-ringM is called a fuzzy left (resp., right) ideal ofM if it satisfies:
(i) min{µ(x), µ(y)} ≤ µ(x− y),
(ii) µ(x) ≤ µ(x+ y− x),
(iii) µ(x) ≤ µ(uαx),
(resp., µ(x) ≤ µ((u+ x)αv − uαv)),
for all x, y, u, v ∈ M and α ∈ Γ .
A fuzzy set µ ofM is called a fuzzy ideal ofM if it is both a fuzzy left ideal and a fuzzy right ideal ofM .
3. Hypernear-rings
A hyperstructure is a non-empty setH together with a mapping ‘‘ ◦ ’’ : H ×H → P ∗(H), whereP ∗(H) is the set of all
the non-empty subsets ofH .
A canonical hypergroup (not necessarily commutative) is an algebraic structure (H,+) satisfying the following
conditions:
(i) for every x, y, z ∈ H, x+ (y+ z) = (x+ y)+ z;
(ii) there exists a 0 ∈ H such that 0+ x = x+ 0 = x, for all x ∈ H ;
(iii) for every x ∈ H , there exists a unique element x′ ∈ H such that 0 ∈ (x + x′) ∩ (x′ + x). (we call the element x′ the
opposite of x);
(iv) z ∈ x+ y implies y ∈ −x+ z and x ∈ z − y.
Now, we recall that a hypernear-ring is an algebraic structure (R,+, ·) satisfying the following axioms:
(1) (R,+) is a canonical hypergroup;
(2) with respect to the multiplication, (R, ·) is a semigroup;
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(3) themultiplication is distributivewith respect to the hyperoperation ‘‘+’’ on the left hand side, i.e., x ·(y+z) = x ·y+x ·z,
for all x, y, z ∈ R.
Precisely speaking, it is a left hypernear-ring because it satisfies the left distributive law. We will use the word
‘‘hypernear-ring’’ to mean ‘‘left hypernear-ring’’.
We note that if x ∈ R and A, B are non-empty subsets of R, then by A + B, A + x and x + B we can deduce that
A + B = ⋃ a∈A
b∈B
a + b, A + x = A + {x}, x + B = {x} + B, respectively. Also, for all x, y ∈ R, we have −(−x) = x, 0 = −0,
where 0 is unique and−(x+ y) = −y− x.
A subhypergroup A ⊆ R is called normal if for all x ∈ R, we have x+ A− x ⊆ A.
A normal subhypergroup A of the hypergroup (R,+) is called
(i) a left hyperideal of R if xa ∈ A for all x ∈ R and a ∈ A;
(ii) a right hyperideal of R if (x+ A)y− xy ⊆ A for all x, y ∈ R;
(iii) a hyperideal of R if (x+ A)y− xy⋃ zA ⊆ A for all x, y, z ∈ R.
The concept of a fuzzy subhypernear-ringwas first introduced by Davvaz in [23] which is a generalized concept of a fuzzy
subnear-ring (ideal) in a near-ring. We now formulate the following definition:
Definition 3.1 ([23]). Let (R,+, ·) be a hypernear-ring. Then we call a fuzzy set µ of R a fuzzy subhypernear-ring of R if it
satisfies the following inequalities:
(1a) min{µ(x), µ(y)} ≤ infz∈x+y µ(z), for all x, y ∈ R,
(1b) µ(x) ≤ µ(−x), for all x ∈ R,
(2) min{µ(x), µ(y)} ≤ µ(xy), for all x, y ∈ R.
Furthermore, we call µ a fuzzy hyperideal of R if µ is a fuzzy subhypernear-ring of R and
(3) µ(y) ≤ infz∈x+y−x µ(z), for all x, y ∈ R,
(4) µ(y) ≤ µ(xy), for all x, y ∈ R,
(5) µ(i) ≤ infz∈(x+i)y−xy µ(z), for all x, y, i ∈ R.
Let µ be a fuzzy set. For every t ∈ [0, 1], the set µt = {x ∈ R|µ(x) ≥ t} is called the level subset of µ.
Theorem 3.2 ([23]). A fuzzy set µ of R a fuzzy subhypernear-ring (hyperideal) of R if and only if for any t ∈ [0, 1], µt (6=∅) is
a subhypernear-ring (hyperideal) of R.
4. Γ -hypernear-rings
In this section, we introduce the concept of Γ -hypernear-rings and obtain some related properties. In particular, we
establish three Isomorphism Theorems of Γ -hypernear-rings.
Definition 4.1. A Γ -hypernear-ring is a triple (M,+,Γ ), where
(i) Γ is a non-empty set of binary operations such that (M,+, α) is a hypernear-ring for each α ∈ Γ ,
(ii) xα(yβz) = (xαy)βz for all x, y, z ∈ M and α, β ∈ Γ .
In what follows, we useM to denote a Γ -hypernear-ring unless otherwise specified.
Example 4.2. LetM = {0, a, b} and Γ be the non-empty set of binary operations such that α, β ∈ Γ are defined as follows:
+ 0 a b
0 {0} {a} {b}
a {a} {0, a, b} {a, b}
b {b} {a, b} {0, a, b}
α 0 a b
0 0 0 0
a 0 a b
b 0 a b
β 0 a b
0 0 0 0
a 0 0 0
b 0 0 0
Then (M,+,Γ ) is a Γ -hypernear-ring.
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Example 4.3. LetM = {0, a, b, c} and Γ = {α} be the non-empty set of a binary operation such that
+ 0 a b c
0 {0} {a} {b} {c}
a {a} {0, a} {b} {c}
b {b} {b} {0, a, c} {b, c}
c {c} {c} {b, c} {0, a, b}
α 0 a b c
0 0 a b c
a 0 a b c
b 0 a b c
c 0 a b c
Then (M,+,Γ ) is a Γ -hypernear-ring.
Example 4.4. Let R be a near-ring andM be a right R-module. We define the hyperoperation+ onM by
x+ y = {x+ y}
for each x, y ∈ M . Then (M,+) is a hypergroup. IfΓ is a non-empty subset ofHomR(M, R), then (M,+, α) is a hypernear-ring
for each α ∈ Γ and
xα(yβz) = x(α(yβ(z))) = x(α(y)β(z)) = (xα(y))β(z) = (xαy)βz
for every α, β ∈ Γ . Hence (M,+,Γ ) is a Γ -hypernear-ring.
Definition 4.5. A subset A ofM is called a left (resp. right) hyperideal ofM if it satisfies:
(i) (A,+) is a normal subhypergroup of (M,+),
(ii) uαx ∈ A (resp., (u+ x)αv − uαv ⊆ A) for all x ∈ A, α ∈ Γ and u, v ∈ M .
A subset A ofM is called a hyperideal ofM if it is both a left hyperideal and right hyperideal.
Definition 4.6. IfM andM ′ are Γ -hypernear-rings, then a mapping f : M −→ M ′ such that
f (x+ y) = f (x)+ f (y) and f (xαy) = f (x)αf (y)
for all x, y ∈ M and α ∈ Γ is called a Γ -hypernear-ring homomorphism.
Clearly, a Γ -hypernear-ring homomorphism f is an isomorphism if f is injective and surjective. We write M ∼= M ′ if M
isomorphic toM ′.
Definition 4.7. If I is a hyperideal of a hypernear-ring R, then we define the relation x ≡ y(mod I)⇐⇒ (x− y)⋂ I 6= ∅.
The relation is denoted by xI∗y. This is a congruence relation onM .
The class x + I is represented by x and we denote it with I∗(x). Moreover, I∗(x) = I∗(y) if and only if x ≡ y(mod I). We
can defineM/I as follows:
M/I = {I∗(x)|x ∈ M}.
Define a hyperoperation⊕ and an operation onM/I by
I∗(x)⊕ I∗(y) = {I∗(z)|z ∈ I∗(x)+ I∗(y)};
I∗(x)α I∗(y) = I∗(xαy) for all I∗(x), I∗(y) ∈ M/I.
From the above discussion, we can get the following:
Theorem 4.8. (M/I,⊕,) is a Γ -hypernear-ring.
Next, we establish three Isomorphism Theorems of Γ -hypernear-rings.
Theorem 4.9 (First Isomorphism Theorem). Let ϕ be a Γ -hypernear-ring homomorphism from M1 into M2 with kernel K such
that K is a hyperideal of M1. Then we have
M1/K ∗ ∼= Imϕ.
Proof. Define ρ : M1/K ∗ → Imϕ by ρ(K ∗(x)) = ϕ(x), for all x ∈ M1. Then ρ is clearly well defined. In fact, if we
suppose that xK ∗y. Then x − y⋂ K 6= ∅. This means that there exists z ∈ x − y⋂ K , and so ϕ(z) = 0. It now follows
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that 0 = ϕ(z) ∈ ϕ(x) − ϕ(y), and so ϕ(x) = ϕ(y). Clearly, ρ is surjective. In order to show that ρ is injective, we let
ϕ(x) = ϕ(y). Then we have 0 ∈ ϕ(x− y), and this means that there exists z ∈ x− y with z ∈ Ker ϕ. Thus, x− y⋂ K 6= ∅,
which implies that K ∗(x) = K ∗(y), and hence ρ is indeed injective.
Moreover, we can deduce the following:
(i)
ρ(K ∗(x)⊕ K ∗(y)) = ρ({K ∗(z)|z ∈ K ∗(x)+ K ∗(y)})
= {ϕ(z)|z ∈ K ∗(x)+ K ∗(y)}
= ϕ(K ∗(x))+ ϕ(K ∗(y))
= ϕ(x)+ ϕ(y)
= ρ(K ∗(x))+ ρ(K ∗(y));
(ii)
ρ(K ∗(x) K ∗(y)) = ρ(K ∗(xαy))
= ϕ(xαy)
= ϕ(x)αϕ(y)
= ρ(K ∗(x))αρ(K ∗(y)).
Hence, ρ is an isomorphism. 
Theorem 4.10 (Second Isomorphism Theorem). If A and B are hyperideals of M, then we have
A/(A ∩ B)∗ ∼= (A+ B)/B∗.
Proof. It is clear that B is a hyperideal of A+ B. Define ρ : A→ (A+ B)/B∗ by ρ(a) = B+ a, for all a ∈ A. Then it is easy to
see that ρ is a Γ -hypernear-ring homomorphism. Consider any B+ y ∈ (A+ B)/B∗, where y ∈ A+ B. Since y ∈ A+ B, there
exist a ∈ A and b ∈ B such that y ∈ a+ b. Thus, we have B+ y = B+ a+ b = B+ a = ρ(a). This shows that ρ is surjective.
Therefore, A/(Ker ρ)∗ ∼= (A+ B)/B∗.
Now, we prove that Ker ρ = A⋂ B. In fact, for any a ∈ A, we can see that a ∈ Ker ρ ⇔ ρ(a) = B⇔ B + a = B⇔ a ∈
B⇔ a ∈ A⋂ B. This shows that Ker ρ = A⋂ B. Thus, we have A/(A ∩ B)∗ ∼= (A+ B)/B∗. 
Theorem 4.11 (Third Isomorphism Theorem). If A and B are hyperideals of M such that A ⊆ B, then B/A∗ is a hyperideal of
M/A∗ and
(M/A∗)/(B/A∗) ∼= M/B∗.
Proof. Clearly, B/A∗ is a hyperideal ofM/A∗. Furthermore, we can see that ρ : M/A∗ → M/B∗ defined by ρ(A+ x) = B+ x
is an epic fromM/A∗ toM/B∗ such that Ker ρ = B/A∗. This completes the proof. 
5. Fuzzy hyperideals
In this section, we first introduce the concept of fuzzy hyperideals of Γ -hypernear-rings and we obtain some related
properties. Further, we give chain conditions of Γ -hypernear-rings.
Definition 5.1. A fuzzy set µ ofM is called a fuzzy left (resp. right) hyperideal ofM if it satisfies:
(F1) µ is a fuzzy normal subhypergroup with respect to+,
(F2) µ(x) ≤ µ(uαx) (resp., µ(x) ≤ infz∈(u+x)αv−uαv µ(z)) for all x, u, v ∈ M and α ∈ Γ .
The condition (F1) of the above definition means that µ satisfies:
(F1′) min{µ(x), µ(y)} ≤ infz∈x−y µ(z),
(F1′′) µ(x) ≤ infz∈y+x−y µ(z),
for all x, y ∈ M .
Example 5.2. Consider the Γ -hypernear-ring (M,+,Γ ) as in Example 4.2. Define a fuzzy set µ by µ(a) = µ(b) = 0.4 and
µ(0) = 0.8. By routine calculations, we can verify that µ is a fuzzy hyperideal ofM .
Let χI denote the characteristic function of a non-empty subset I ofM.
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The following are obvious and we omit the proof.
Theorem 5.3. Let I ⊆ M. Then, I is a hyperideal of M if and only if χI is a fuzzy hyperideal of M.
We now characterize the fuzzy hyperideals by using their level subsets.
Theorem 5.4. A fuzzy set µ of M is a hyperideal of M if and only if µt (6=∅) is a hyperideal of M for all t ∈ [0, 1].
Proof. Assume thatµt is a hyperideal ofM . Let x, y ∈ M . Putting t0 = min{µ(x), µ(y)}, then x, y ∈ µt0 , and so x− y ⊆ µt0 .
Hence, for any z ∈ x − y, we have µ(z) ≥ t0, which implies, infz∈y+x−y µ(z) ≥ min{µ(x), µ(y)}. Similarly, we can prove
that µ(x) ≤ infz∈y+x−y µ(z), for all x ∈ M . This implies that µ is a fuzzy normal subhypergroup with respect to+.
For any u, x ∈ M and α ∈ µt1 . Let t1 = µ(x), and so x ∈ µt1 . Since µt1 is a hyperideal of M , then for any u ∈ M and
α ∈ Γ , we have uαx ∈ µt1 , and so µ(uαx) ≥ t1 = µ(x). Since x ∈ µt1 , then (u+ x)αv − uαv ⊆ µt1 for any u, v ∈ M and
α ∈ Γ . Hence, for any z ∈ (u+ x)αv − uαv, we have µ(z) ≥ t1, which implies, infz∈(u+x)αv−uαv µ(z) ≥ t1 = µ(x).
Therefore, µ is a fuzzy hyperideal ofM .
Conversely, let µ be a fuzzy hyperideal of M . If x, y ∈ µt , then µ(x) ≥ t and µ(y) ≥ t . Hence infz∈x−y µ(z) ≥
min{µ(x), µ(y)} ≥ t . Therefore, for all z ∈ x− y, we have z ∈ µt , and so, x− y ⊆ µt . Similarly, we can prove x+ y− x ⊆ µt
for any x, y ∈ M . Thus, µt is a normal subhypergroup of M . If x ∈ µt and u ∈ M , α ∈ Γ , then µ(uαx) ≥ µ(x) ≥ t , and so
uαx ∈ µt . Since x ∈ µt , then infz∈(u+x)αv−uαv µ(z) ≥ µ(x) ≥ t . Therefore, for all z ∈ (u+ x)αv − uαv, we have z ∈ µt , and
so (u+ x)αv − uαv ⊆ µt . Hence, µt is a hyperideal ofM . 
The following are obvious and we omit the proof.
Theorem 5.5. Let f : M → M ′ be a Γ -hypernear-ring homomorphism. Then
(i) An onto Γ -hypernear-ring homomorphic preimage of M ′ is a fuzzy hyperideal of M.
(ii) An onto Γ -hypernear-ring homomorphic image of a fuzzy hyperideal of M is a fuzzy hyperideal of M ′.
Definition 5.6. Let µ be a fuzzy hyperideal of M . We define x ∼ y(modµ) if and only if there exists r ∈ x − y such that
µ(r) = µ(0).
The following lemmas are clear and we omit the proof.
Lemma 5.7. The relation∼ is an equivalence relation.
Lemma 5.8. If x ∼ y(modµ), then µ(x) = µ(y).
Suppose that C[x] is the equivalence class containing x. We denote M/µ the set of all equivalence class, i.e., M/µ =
{C[x]|x ∈ M}. We define
C[x] ⊕ C[y] = {C[z]|z ∈ C[x] + C[y]};
C[x]α C[y] = C[xαy].
for every C[x], C[y] ∈ M/µ.
From the above discussion, we can get the following result:
Theorem 5.9. (M/µ,⊕,α) is a Γ -hypernear-ring.
Next, we give chain conditions of Γ -hypernear-rings.
Definition 5.10. AΓ -hypernear-ringM is said to satisfy the ascending (resp. descending) chain condition (briefly,ACC (resp.
DCC)) if for every ascending (resp. descending) sequence A1 ⊆ A2 ⊆ A3 ⊆ · · · (resp. A1 ⊇ A2 ⊇ A3 ⊇ · · ·) of hyperideals
of M , there exists a natural number n such that An = Ak for all n > k. If M satisfies ACC , we say that M is a Noetherian
Γ -hypernear-ring.
Theorem 5.11. Let M be a Γ -hypernear-ring satisfying DCC. If a sequence of elements of Imµ is strictly increasing, then Imµ
has finite number of values.
Proof. Let {tn} be a strictly increasing sequence of elements of Imµ, then 0 ≤ t1 < t2 · · · 6 1. Define µr = {x ∈ M|µ(x) ≥
tr}, r = 1, 2, 3 · · ·. Then by Theorem 5.4, we have µr is a hyperideal ofM . Let x ∈ µr , then µ(x) > tr > tr−1, which implies
that x ∈ µr−1. Hence µr ⊆ µr−1. Since tr−1 ∈ Imµ, there exists xr−1 ∈ M , such that µ(xr−1) = tr−1. It follows that
xr−1 ∈ µr−1, but xr−1 6∈ µr . Thus µr ( µr−1, and so we obtain a strictly descending sequence µ1 ) µ2 ) µ3 ) · · · of
hyperideals ofM which is not terminating. This contradicts the assumption. Hence Imµ has finite number of values. 
Now we consider the converse of Theorem 5.11.
Theorem 5.12. Let M be a Γ -hypernear-ring. If every fuzzy hyperideals of M has finite number of values, then M satisfies DCC.
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Proof. Suppose thatM does not satisfy DCC , then there exists a strictly descending chain
A0 ) A1 ) A2 ) · · · of hyperideals ofM .
Define a fuzzy set ofM by
µ(x) =

n
n+ 1 if x ∈ An − An+1,
1 if x ∈
∞⋂
n=0
An,
where A0 stands forM .
We prove that µ is a fuzzy hyperideal ofM .
First, we prove that µ satisfy (F1′) of Definition 5.1. Now, we consider three cases. (1) Assume that x ∈ An − An+1 and
y ∈ Ak−Ak+1 for n = 0, 1, 2 · · · ; k = 0, 1, 2 · · ·. Without loss of generality, wemay assume that n ≤ k. Then clearly x−y ⊆
An. Then for every z ∈ x − y, we have µ(z) ≥ nn+1 , and so infz∈x−y µ(z) ≥ nn+1 = min{µ(x), µ(y)}. (2) If x, y ∈
⋂∞
n=0 An,
then x − y ⊆ ⋂∞n=0 An, and so for every z ∈ x − y, we have µ(z) = 1. Thus infz∈x−y µ(z) = 1 = min{µ(x), µ(y)}. (3) If
x 6∈ ⋂∞n=0 An and y ∈ ⋂∞n=0 An, then there exists k ∈ N, such that x ∈ Ak − Ak+1. It follows that x − y ⊆ Ak. Then for every
z ∈ x − y, we have µ(z) ≥ kk+1 . Thus infz∈x−y µ(z) ≥ kk+1 = min{µ(x), µ(y)}. Similarly, we can prove that µ satisfy (F1′′)
of Definition 5.1. Hence µ is a fuzzy normal subhypergroup ofM .
Second, we prove that µ satisfy (F2) of Definition 5.1. (1) If x ∈ An − An+1, then for any u ∈ M and α ∈ Γ , we have
uαx ∈ An. Thus, µ(uαx) ≥ nn+1 = µ(x). (2) If x ∈
⋂∞
n=0 An, then uαx ∈
⋂∞
n=0 An. Thus, µ(uαx) = 1 = µ(x).
Moreover, (1) if x ∈ An − An+1, then for any u, v ∈ M and α ∈ Γ , we have (u + x)αv − uαv ⊆ An. Then, for every
z ∈ (u+ x)αv−uαv, we haveµ(z) ≥ x ∈ An−An+1, which implies, infz∈(u+x)αv−uαv µ(z) ≥ nn+1 = µ(x). (2) If x ∈
⋂∞
n=0 An,
then for any u, v ∈ M and α ∈ Γ , we have (u + x)αv − uαv ⊆ ⋂∞n=0 An. Then, for every z ∈ (u + x)αv − uαv, we have
µ(z) = 1. Thus, infz∈(u+x)αv−uαv µ(z) = 1 = µ(x). Consequently, µ is a fuzzy hyperideal ofM and µ has infinite number of
different values. This is a contradiction and the proof is complete. 
Theorem 5.13. Let M be a Γ -hypernear-ring, then the following are equivalent:
(i) M is a Noetherian Γ -hypernear-ring;
(ii) The set of values of any fuzzy hyperideal of M is a well-ordered subset of [0, 1].
Proof. (i)⇒ (ii) Let µ be a fuzzy hyperideal ofM . Assume that the set of values of µ is not a well-ordered subset of [0, 1],
then there exists a strictly infinite decreasing sequence {tn} such that µ(xn) = tn. Let An = {x ∈ M|µ(x) ≥ tn}. Then
A1 ( A2 ( A3 ( · · · is a strictly infinite ascending chain of hyperideals ofM , a contradiction.
(ii)⇒ (i) Assume that there exists a strictly infinite ascending chain:
A1 ( A2 ( A3 ( · · · (∗)
of hyperideals ofM . Let A =⋃n∈N An. Then clearly A is a hyperideal ofM . Define a fuzzy set µ by
µ(x) =
{
0 if x 6∈ A,
1
k
where k = min{n ∈ N|x ∈ An}.
We claim that µ is a fuzzy hyperideal ofM .
First, we prove that µ satisfy (F1′) of Definition 5.1. For any x, y ∈ M , (1) if any one of x and y does not belong to A,
then clearly infz∈x−y µ(z) ≥ 0 = min{µ(x), µ(y)}. (2) Assume that x, y ∈ A. Case (i): If x, y ∈ An − An−1 for n = 2, 3, . . .,
then x − y ⊆ An, and so for every z ∈ x − y, we have µ(z) ≥ 1n . Thus infz∈x−y µ(z) ≥ 1n = min{µ(x), µ(y)}. Case (ii): If
x ∈ An − An−1 and y 6∈ An − An−1, then y ∈ An−1 ⊆ An or y ∈ As − As−1 for some s > n. In the first case for every x− y ∈ An,
we have µ(x− y) ≥ 1n . Thus infz∈x−y µ(z) ≥ 1n ≥ µ(x) ≥ min{µ(x), µ(y)}. In the second case, we have x− y ∈ As, and so
µ(x) = 1n > 1s = µ(y), which gives infz∈x−y µ(z) ≥ 1s = min{µ(x), µ(y)}. Similarly, we can prove that µ satisfy (F1′′) of
Definition 5.1. Hence µ is a fuzzy normal subhypergroup ofM .
Second, we prove that µ satisfy (F2) of Definition 5.1. (1) If x 6∈ A, then for any u ∈ M and α ∈ Γ , we have
µ(uαx) ≥ 0 = µ(x). (2) If x ∈ An − An−1, then uαx ∈ An. Thus, µ(uαx) ≥ 1n = µ(x).
Moreover, (1) if x 6∈ A, then for any u, v ∈ M and α ∈ Γ , we have infz∈(u+x)αv−uαv µ(z) ≥ 0 = µ(x). (2) If x ∈ An − An−1,
then for any u, v ∈ M and α ∈ Γ , we have (u+ x)αv− uαv ⊆ An. Then, for every z ∈ (u+ x)αv− uαv, we haveµ(z) = 1.
Thus, infz∈(u+x)αv−uαv µ(z) = 1 = µ(x). Consequently,µ is a fuzzy hyperideal ofM . Since the chain (∗) is not terminating,µ
has strictly infinite ascending sequence of values. This contradicts that the value set of any fuzzy hyperideal is well ordered.
This completes the proof. 
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6. Conclusions
In this paper, we consider a new kind of hyperalgebra—Γ -hypernear-rings, which is a generalization ofΓ -near-rings and
hypernear-rings. Some related properties ofΓ -hypernear-rings are described. In particular, three Isomorphism Theorems of
Γ -hypernear-rings are established. By using this new idea, we consider the fuzzy hyperideals of Γ -hypernear-rings. Finally,
the fundamental relations between Γ -hypernear-rings and Γ -near-rings are discussed.
In our future study of fuzzy structure of Γ -hypernear-rings, may be the following topics should be considered:
(1) To focus intuitionistic and/or interval-valued fuzzy sets and triangular norms;
(2) To consider roughness of Γ -hypernear-rings;
(3) To establish the (α, β)-fuzzy hyperideal, where α, β is any one of ∈, q,∈ ∨q or ∈ ∧q.
(4) To describe the soft Γ -hypernear-rings and its applications.
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